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Abstract 

In this paper, we examine the relationship between rough fuzzy neutrosophic sets and lattice theory. 
We introduce the notion of Rough fuzzy neutrosophic set and Rough fuzzy neutrosophic lattice (resp 
Rough fuzzy neutrosophic ideals). Further, we discuss about fuzzy neutrosophic rough set 
corresponding to a rough set and define the terms and conditions for fuzzy neutrosophic rough lattice. 
We also prove that a fuzzy neutrosophic rough set A in X is a fuzzy neutrosophic rough lattice iff it’s 


level rough sets (RA) ap, RA) a5) is a rough sub lattice of X. 


iv)? 
Keywords: Rough set, rough fuzzy neutrosophic set, fuzzy Neutrosophic rough sets. 


1. Introduction 

In 1982, Pawlak "! introduced the concept of rough set, as a formal tool for modeling and 
processing incomplete information in information systems. This concept is fundamental to 
the examination of granularity in knowledge. The basic idea of rough set is based upon the 
approximation of sets by a pair of sets known as the lower approximation and the upper 
approximation of a set. Here, the lower and upper approximation operators are based on 
equivalence relation. After Pawlak, there have been many models built upon different aspect, 
i.e, universe, relations, object and operators by many scholars 4 > 1° 171, Various notions 
that combine rough sets and fuzzy sets, vague set and intuitionistic fuzzy sets are introduced, 
such as rough fuzzy sets, fuzzy rough sets, generalized fuzzy rough sets, rough vague sets. 
The theory of rough sets is based upon the classification mechanism, from which the 
classification can be viewed as an equivalence relation and knowledge blocks induced by it 
be a partition on universe. 

One of the interesting generalizations of the theory of fuzzy sets and intuitionistic fuzzy sets 
is the theory of neutrosophic sets introduced by F. Smarandache ™!, Neutrosophic sets 
described by three functions: Truth function indeterminacy function and false function that 
are independently related. The theories of neutrosophic set have achieved great success in 
various areas such as medical diagnosis, database, topology, image processing, and decision 
making problem. While the neutrosophic set is a powerful tool to deal with indeterminate 
and inconsistent data, the theory of rough sets is a powerful mathematical tool to deal with 
incompleteness. 

Recently many researchers applied the notion of fuzzy neutrosophic sets to relations, group 
theory, ring theory, lattice theory etc. In this paper we studied relationship between rough 
sets and fuzzy neutrosophic sets. Here we give the rough approximation of fuzzy 
neutrosophic set and introduced rough fuzzy neutrosophic sub lattices, ideals etc. Also we 
defined fuzzy neutrosophic rough sets, fuzzy neutrosophic rough sub lattices, and ideals and 
studied their properties 


2. Preliminaries: 
Definition 2.1"! A Neutrosophic set A on the universe of discourse X is defined as 


A= (x, Ty (x), In (x), Fa(x)), x € X, 


Where T,1, F: X >]0,1°[ and OSFs(%) + I,(x)+ F,(x)3 ; 
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Definition 2.3: 7! 

A Fuzzy Neutrosophic set A on the universe of discourse X 
is defined as 

A= (x,T,4(x), [4(x), Fy(x)), x € X where T,1,F:X > [0, 1] 
andO<T,(x)+1,(X)+ F,(X)S3. 


Definition 2.2: ! A neutrosophic set A is contained in 
another neutrosophic set B. (1.e.,) 

Ac B © T,(x) S Tp (x), 4x) S Ip (X), Fa) 2 Fe (x) 
xe X. 


Definition 2.4: ! 
The complement of a neutrosophic set (F, A) denoted by (F, 
A)°and is defined as 


(F, A)°= (F*, JA) 
Where T,c(x)= Fp(x), Te (X)=1-1e(0), 
Fc(xX)= T(X). 


Definition 2.5: ?! 

Let A and B) be two neutrosophic sets over the common 
universe U. A is said to be neutrosophic subset of B if A c 
B and T,(xX)ST,(X),1,(X)S13(X), F(X) 2 Fg (X)V 
Ee A,xeU. 


Definition 2.6: ! 

Two neutrosophic sets (F,A) and (G,B) over the common 
universe U are said to be equal if (F,A) c (G,B) and (G,B) 
c (F,A).We denote it by (F,A) = (G,B). 


Definition 2.7: 2! 
Let X be a non empty set, and 


A = ea T, (x), I, (x), F, (x)), B = (x, T; (x), I, (x), F, (x)) 
are fuzzy neutrosophic sets. Then 


AU B= (x, max (T(x), T, (x)), max(I, (x), I, (x)), min(F, (x), F, (x) 


AAB= (x, min (Tq (x),Tp(x))min(I 4(x), Ig (2), max(F 4 (x), Fp (x) 


Definition 2.2: ! Let U be any non-empty set. Suppose R is 
an equivalence relation over U. For any non-null subset X of 
U, the sets 

Ai(X) = {x: [x]rc X} 

A2(X) = {x: [x]ra X¥ O} 

are called lower approximation and upper approximation 
respectively of X and the pair 

S= (U, R) is called approximation space. The equivalence 
relation R is called indiscernibility relation. The pair A(X) = 
(Ai(X), A2(X)) is called the rough set of X in S. Here [x]r 
denotes the equivalence class of R containing x 


3. Rough Fuzzy Neutrosophic Sets In A Lattice 

In this section we define rough fuzzy neutrosophic set and 
some of their operations. Further, we introduce Rough fuzzy 
neutrosophic lattices (RIFL) and ideals and study certain 
properties of them. 


Definition 3.1: Let U be a non-null set and R be an 
equivalence relation on U. Let A be a neutrosophic set in U 


with the truth value T,(X), indeterminate value I ,(X) and 


F(x). The upper 
approximations of A in the approximation (U, R) denoted by 
R(A)and R(A)are respectively defined as follows: 


R(A) = {x, Tc) 02 Tay CO» Fay O/ ¥ €LX]es ¥ €U} 
R(A)= 
{X, Tay (X)> Lg¢ay (X)> Facay(x)/y € [X]p> xe U} 


false value lower and the 


where: 
Tray (X) = A yetar Ta(y), 


T cay (X) =A yepar Tay), 
Fava) (X) V yepar Faly) 
Ta) (X) = V yepur Ta(y), 
Fuay (X)=V yetur Tay), 
Pi? =A yetxr Fa(y) 


So 0 < Ty. (X) + Lag (X) + Fay (x) $ 3 and 


0 STrcay(X) + Tapa) (X) + Fecay(X) $3 and 
Tay (x), Fea) (x), Eas, (x) ) 


>T pay (X), Tava) (X), Frcay(X) :A>[0,1] 


Where “V “and “A “ mean “max” and “min “ operators 
respectively, and are the truth, indeterminacy and false 


values of y with respect to A. It is easy to see that R(A) and 
R(A) are two neutrosophic sets in U. 


R(A)and R(A): A > A are, respectively, referred 
to as the lower and upper rough NS approximation 
operators, and the pair R(A)and R(A)is called the 
rough neutrosophic set in (U, R). From the above 
definition, we can see that R(A)and R(A) have 
constant membership on the equivalence classes of U. 


Example 3.2: 

Let U= {S1, So, S3, S4, Ss} be the universe of discourse. 

Let R be an equivalence relation, where its partition of U is 
given by 

U/R= {{Si, S2}, {Sa}, {Sa Sst} 

A={[ S1,(0.3,0.4,0.5)] [ S2,(0.2,0.4,0.3)] [S3,(0.5,0.6,0.7)]} 
be a neutrosophic set of U. 

The lower and upper approximations are obtained as 


R(A) = { [S1,(0.3,0.4,0.3)] [S2,(0.3,0.4,0.3)] 
[S3,(0.5,0.6,0.7)]} 
R(A) =f [8:,(0.2,0.4,0.5)] [ $4,(0.2,0.4,0.5)] 
[S3,(0.5,0.6,0.7)]} 


Another neutrosophic set can be defined as 
B= {[ S,(0.2,0.3,0.4)] [ S4,(0.3,0.5,0.4)] [S5,(0.4,0.6,0.2)]} 


The lower and upper approximations are obtained as 
R(B) = {[S:,(0.3,0.5,0.4)] [S4,(0.2,0.3,0.4)] 
[S2,(0.4,0.6,0.2)] [Ss,(0.4,0.6,0.2)]} 

R(B)={ [S:,(0.2,0.3,0.4)] [ S2,(0.2,0.3,0.4)]]} 
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Definition 3.3: If R(A) = (R(A), R(A)) is a rough fuzzy 
neutrosophic set in (U,R), the rough fuzzy neutrosophic 
complement of AS neutrosophic set denoted by 
R(A)‘ = (R(A)°, R(A)°) where R(A)°, R(A)° are 
defined as 

R(A)"={X, ), Facay (Xl = Decay (X), Tapa (X)/ ¥ € LX] pg. X € UF} 
and 

R(A)= 

{x, F- 


R(A) 


(x),| - I. 


R(A) 


(2), Tyga) 0) Y € [x] gx €U} 


Definition3.4: If A; and Az are two rough fuzzy 
neutrosophic set of the neutrosophic sets X, and X2 
respectively in then we define the following: 


1.(A,)=(A,) iff R(A,)=R(A,) and R(A,) =R(A,) 
2.A, CA, iff R(A,) c R(A,) and R(A,) € R(A,) 
3.A UA, > R(A) U R(A)) and R(A,) U R(A,) 
4. A, OA, => R(A,) O R(A,) and R(A,) 0 R(A,) 
5.A,+ A, = R(A,)+R(A,) and R(A,) +R(A,) 
6.A,—A, => R(A)-R(A,) and R(A,) -R(A,) 


Definition 3.5: 

Let L be a lattice and A= {(x,T,(x),1,(x),F,(x))/x €L} be 
a fuzzy neutrosophic set, then A is called fuzzy neutrosophic 
sublattice of L, if the following conditions are satisfied 


G@) T,(xv y)2min{T,(x),T,(y)} 
T,(XA y) 2 min{T,(x),T,(y)} 

Gi) I,(xv y)2min{l,(x),I,(y)}. 
T,(xa y)2min{I,(x),1,(y)} 

(iii) F,(xv y) <max{T,(x),T,(y)}, 


F,(xA y) max {F,(x),F4(y)} 
The set of all FNLs of L is denoted by FNL(L). 


Definition 3.6: 
A FNS A of L is called a fuzzy neutrosophic ideal of 
L, if he following conditions are satisfied. 


Gi) T,(xv y)2 min{T,(x),T,(y)} » 
T,(XA y) 2 max tT, (x),T,(y)} 

Gi) I,(xv y)2 mini, (x),1,()5. 
T,(XA y)2 max {I ,(x),14(y)} 

(ii) Fa(xv y)<maxiT,(x),T,(y). 
F,(xa y)smin{F,(x),F4(y)} 

The set of all FNIs of L is denoted as FNI(L). 


Definition 3.7: 
A FnI A of L is called a fuzzy neutrosophic prime 
ideal if 


T,(XA y) 2 max {T,(x),T,(y)}. 


I,(xAy) > max{I,,(x),1,(y)} and 
F,(xA y) < min{F,(X), F,(y)},Vx,y eL 


Theorem 3.8: If A and B are two FNLs (FNIs) of a lattice 
L, then AX B is a FNL(FNI) of L. 
Proof: 


Let A= {(x,T,(X), 1,(X), F,(x))/x € X} and 
B= {(x,Tp(X), [,(X), Fg (X))/X € X}, are two FNS of 
L. Then AN B= {(X,T,.3(X), Lanp(X)s Fang (X))x € X} 


Where 
T,,3(X) = min{T,(x),T,(x)} » 
Tjxp(X) = min{I,(x), I,(x)} and 


F, .,(X) = max {F,(X), F,(X)} so that 
Tyao(X V Y) = min {T(x v y), T(x v y)} 
2 min {min {T,(x),T,(y)},min {T,(x), Ts } 
= min {min {T,(x),T,(y)}, min {T (x), Ts $ 
= min {Ty .5(%)>Ty.a(Y)} 


as A and B are FNLs of L, 
T, .a(X V y) = min {T,.5(X), Tavg(y)}VX, YE L 


Similarly we get 

Tana(X A Y) = min {Typ (X),Tana(y)} VX, y € L 

T,X V y)= min {I (Xv y),1(x Vv y)} 
2 min {min {I (x),1 (yj, min {I,(x),1,0/)} } 
= min {min {J ,(x),I,(y)},min{1,(x),1,(y)} } 
=min{I,.,(X),L,,2(¥)} 


as A and B are FNLs of L, 
Ty vp(X Vv y) = min {I ,.3(X),La.g(y)}Vx, yel 


Siilarly we get 


Ty np(X A y) = min{l,.,(X),L,,g(y)} VX, eL 
Also 


Tynp(X V y) = max {F(x Vv y),F (xv ys 
2 max {max {F,(x),F,(y)},min{F,(x),Fe(y)} § 
= max {max {F,(x),F,(y)},min {F,(x),F,(y)} § 
= max {Fa.5(X), Fana(y)} 


as A and B are FNLs of L, 
Fy AX Vv y) = max {F,.3(X), Fag (y)} VX Y eL 


Similarly we get 


Fy .9(X A y) = max {Fang X), Panay) SVX, y eL 
Hence AM Bis FNL of L 
Proof for FNI is similar. 


Proposition 3.9: Let L be a lattice and A is an IFL (IFI) of L. Then R(A) and R(A) are also FNL’s (FNI’s) of L. 
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Proof. We will prove the case of FNL. Proof for FNI is similar. 


We have 


Tava) (XV Y) = A T,(x Ay) = 


x vy [xvy]p rea Vir 


[min {T,,(x'),T,(y )}], since A is FNL of L. 


2 min{ ia T(x), Pe Ty )} = min{T, Ray (X)s Jy ray (Y)}> ie Tava (XV y) 2 min{T, ray (X), Ty Ray (Y)$ 


Taay(XA y) = n T,(x Ay)= 
= XVV IXVY]p tie 
oun T(x), io TO)}= min{T, — 
Inaltv =, AT Res Ay)2 


nay (Yt ieT, ay (XA y) 2 min{T, ay (X)oL; 


[min {T(x ),T,(y )}], since A is FNL of L. 


Ray (Y)$ 


ae [min {I ,(x'),1,(y )}], since A is FNL of L. 


>min{ A I(x), na Jy = ‘ite Tacay(Y)}> lel p¢q)(XV Y) 2 min {I a4) (X), Tay (Y)$ 


xXe[x]p 


Trea (XA Y) = n 


XVY E[XVY]p 


I(x ay)2 A 


XVV PXVY]p 


[min{I,(x ),1,(y )}], since A is FNL of L. 


2 mint 7S I (x), A T(y J} = min {Tg¢a)(X)s Lacy (V)}  1€D gay (XA Y) = Min {Lea (X)s Tecan (W)} 


Fara (XV y=. Vv yr a® vy)>.¥v 


[max {F(x ), F,(y )}], since A is FNL of L. 


x vy e[xv xvy Ixvyle 
ee (X), voP (y J} = max {Fac (X), Fecay(W)}> iF aca) (X V Y) 2 MAX {Fra (%), Fava) (Y)} 
aes = we F(x ay)> . ~ i [max {F(x ), F,(y )}], since A is FNL of L. 
cites ee (x), , ene (y )} = max {Foray (X)s Fecay(V)}> iF aca) (XA Y) 2 Max {Faca)(X), F. Dh 


[x]r 
R(A) is a FNL of L. 


sn a ov TAX VY)2 ov 


Xvy E[XvY]p vy [xvy]r 


[min {T,(x ),T,(y )}], since A is FNL of L. 


>min{ v T(x), _, ay. )} = min{T. mls Os T. ae ie Tara (XV y) 2 minh, a> T. Ga: 


xx] 


similarly, T, (x A ee 2 min {Ty 4X) T a4 WF 


Ie (xv y)= Vv ie xv > Vv 
Ray\ y) cone AK YY) xvy {xvy]p 


[min {I ,(x ),I,(y )}], since A is FNL of L. 


>min{ v I(x), oe he min {la 4) (X)» Fa 4) > ie Fay XV y) 2 minty, 0%), Faas 


xX ‘eLx]p 
similarly, Iz, (x A y) 2 min {Iq (%), Ti.) 


F,(xvy)<. A 


x vy ‘{xvy]p 


Bug Vv y)= Vv 


xvy {xvy]e 


[max {F(x ), F,(y )}], since A is FNL of L. 


> max {_ a F(x), | hs Fo )} = max {F. mans Fea Us 1eF 4) (XV y) S max {FR ca > F. Pe Oai 


similarly, Fou A RA < max {Fz , (x), Fas . Hence R(A) is a FNL of L. 


Definition 3.10: A rough fuzzy neutrosophic set A of L is 
called a rough fuzzy neutrosophic lattice (RIFL) [rough 
neutrosophic fuzzy ideal (RIFI)] if both R(A)and R(A)) 
are FNL’s (FNI’s) of L. 


Theorem 3.11: If A is an FNL (FNI) of L then A is a RIFL 
(RIFI) of L. Proof. Follow from Proposition 3.4. 


Theorem 3.12: If R (A) and R (B) are RFNL’s (RIFI’s), 
then R (A) N R (B) is also a RFLN (RFNIJ). 
Proof. 


We have 

R(A) 0 R(B) = (R(A) 9 R(B), R(A) 9 R(B)). 
Since R(A) and R(B) are RFNL’s (RFNI’s) we have 
R(A), R(B), R(A) and R(B) are FNL’s (FNI’s). Then 
R(A) 0 R(B) and R(A) 0 R(B) are FNL’s (FNI’s) by 


Theorem 2.5. 
So R(A) a) R(B) is a RFNL (RFNIJ) by Def 3.5 


Remark 3.13: The union of two RFNI’s need not be a RFNI. Consider the lattice L= {1, 2, 3, 4, 6, 12} of divisors of 12. 


Let R ={1,2),(3,6),(4),(12)}be the equivalence class . We define A = {(x,T,(X), 1 ,(X), F,(x))/ x € L} by 
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A= {(1,0.7,0.8,0.6), (2,0.3,0.7.0. 1), (3,0.4,0.7,0.8), (4,0.9,0.4,0.5), (6,0.7,0.1,0.3), (12,0.6,0.1,0.4)} 
and B = {(x,T,(X),1,(X), Fg(x))/x € L} 

B= {(1,0.7,0.7,0.5), (2,0.6,0.5.0.4), (3,0.5,0.5,0.3), (4,0.7,0.8,0.1), (6,0.5,0.4,0.3), (12,0.5,0.3,0.2)} 
Here A and B are IFI’s of L. 

Now R(A) = (R(A), R(A)) 

where R(B) = ((X, Tap) (X), Tp) (X), Fave) (x))} is 

R(A) = {(1,0.3,0.7,0.6), (2,0.3,0.7.0.6), (3,0.4,0.1,0.8), (4,0.9,0.4,0.5), (6,0.4,0.1,0.8), (12,0.6,0.1,0.4)} 
R(A) = {(1,0.7,0.8,0. 1), (2,0.7,0.8.0.1), (3,0.7,0.7,0.3), (4,0.9,0.4,0.5), (6,0.7,0.7,0.3), (12,0.6,0.1,0.4)} Also 
R(B) = (R(B), R(B)) 

where R(B) = {(x, Tay (X), Trea) (X), Facay (x))} is 

R(B) = {(1,0.6,0.5,0.5), (2,0.6,0.5.0.5), (3,0.5,0.4,0.3), (4,0.7,0.8,0.1), (6,0.5,0.4,0.3), (12,0.5,0.3,0.2)} 
R(B) = {(1,0.7,0.7,0.4), (2,0.7,0.7.0.4), (3,0.5,0.5,0.3), (4,0.7,0.8,0. 1), (6,0.5,0.5,0.3), (12,0.5,0.3,0.2)} 
clearly, R(A) and R(B) are RFNI’s. 

AUB = (R(A) U R(B), R(A) U R(B) ) and (R(A) U R(B) , R(A) U R(B) ) 

= {(1,0.6,0.7,0.5), (2,0.7,0.7.0.4), (3,0.5,0.5,0.3), (4,0.9,0.8,0. 1), (6,0.5,0.4,0.3), (12,0.6,0.3,0.2)} 

Tr ayun(s) 3 V 4) = Traine 12) = 0.6 2 min {Tea 52¢8) 3) Tecayrrca (4)5 = 9.7 

Hence AV Bis not an RIFI. 

Remark 3.14: Every RIFI is a RIFL. But the converse is not true. 


Consider the lattice and the equivalence relation given in the Result 3.8.Let 


B = {(1,0.2,0.7,0.2), (2,0.4,0.4,0.7), (3,0.2,0.5,0.5), (4,0.3,0.6,0.2), (6,0.5,0.5,0.3), (12,0.3,0.3,0.5)} 
R(B) = {(1,0.4,0.4,0.2), (2,0.4,0.4,0.2), (3,0.5,0.5,0.3), (4,0.3,0.6,0.2), (6,0.5,0.5,0.3), (12,0.3,0.3,0.5)} 


R(B) = {(1,0.2,0.4,0.7), (2,0.2,0.4,0.7), (3,0.2,0.5,0.5), (4,0.3,0.6,0.2), (6,0.2,0.5,0.5), (12,0.3,0.3,0.5)} It can be 
easily verified that R(B) is RFNL, but RFNL because 
R(B)(4.A 6) = R(B) =12 = 0.3 max {Tap (4), Tae) (6) = (0.5,0.3) = 0.5 


4. Fuzzy Neutrosophic Rough Set (FNRS) 
In this section we introduce Fuzzy Neutrosophic rough sublattices and ideals, and define certain characterization of Fuzzy 
Neutrosophic rough sublattice (ideal) in terms of level rough set. 


Definition 4.1 
Let X be a rough set and R(A) = (R(A), R(A)) , isa FNRS in X. Then we can define an interval valued fuzzy neutrosophic 


rough set A= {(X[T pa Tac LH aca Lay LE aay» Fact D} 


T e(a)(X) =Tya)(x) if xe R(X) 
Where, ~ = > 
=Oif xe R(X) 


Taa)(x) = Tay (aif x € R(X) 
=(if xe R(X) 
F wa) (x)= Fray (x)if xe R(X) 


and 


=lif xe R(X) 


Where: ROX)= RCW) = RCX) and wedehote T 4). =| Pawo, Paes Ol FaCO= [Taw Oost aw COland 
F a(x) =[F aa)(x),F &4)(2)] 
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Definition 4.2: 
Let R(X) be a rough lattice and R(A) = (R(A), R(A)) is a FNRS in R(X). Then R(A) is called a fuzzy neutrosophic rough 


sublattice (FNRI) if for every X € R(X ) the following hold. 

(i) T,(xv y) = min{T a(x),T a(y)} (ii) Ty (XA y) = min{T a(x),T a(y)} 

(iii) T,(xv y) = min{I a(x), a(y)} (iv) 1,(xA y) > min{T a(x), La(y)} 

(v) F(x vy) max {F a(x), F a(y)} (v) F,(xa y) > max{F a(x),F a(y)} VXy EL, 

If conditions replaced by T,(x Ay)= max {T a(x),T a(y)} ; 1, (x Ay)2 max {I a(x), Ta(y)} and 
F,(x Ay)= min{F 4 (x), Fa (y)} . Then R(A) is called a fuzzy neutrosophic rough ideal (FNRI). 


Definition 4.3: Let R(X) be a rough lattice and R(A) = (R(A), R(A)) a FNRS in R(X). Then we define and 
Aap Mab) = Ata py) = AX © R(X )/T aca) (X) 2 OT ay) 2 Bs Fea (X) 2 1 


Ataspur) ={X € R(X) / Ty (X) > @, Tg. (X) = Bs Fac (X) = 7} then is called L-FNRS. 


Fs 


Theorem 4.4; Let R(X) be a rough lattice and R(A) = (R(A), R(A)) is a FNRS in R(X). Then R(A) is a FNRL iff 
(R(A) (4.55)»R(A)(a.p,)) is a rough sublattice of R(X). 

Proof: First assume that (R(A) (4 4 ,); RA), py)) isa rough sublattice in R(X). We have to prove that R(A) is a FNRL of 
R(X). Set min {T a(x),T a(y)} =[@,.a,], min{I (x), I a(y)} =[4),4,] and max {F a(x),F a(y)} =[7o.%I- 
Then min{T aa)(x),T x (y)}=@,min{T ;.,(X).T g,, W}=% 

min {I xa)(x),J a(y)} = By min{ ,.,, (XT 5.40} = B, 

max {F x4)(x), F aay (y)} = 7) Max F X)F =n 

Then Dae) 2a), Tay) 2a, ees) > B, Lay) > B, Ee) = Bey) ee 

Hence x, yx, ye Aca, furo) > XV Y,XAYVE Aen oe , SO Ca y)2Q@, Paia* AY)2 a, 

Trea XV Y)2 Bila XrW)2 BF ay (XAY)S V0 F ay XV VE o- 

Let x, ye R(X) => either x or ye R(X) 

If xor ye R(X) then Q) =Oand f, =1. 

So that T ray(x V y)20=a), T ray(XA y)20=a, 

Tea (xv y)20= By, Ira (XA y)20= By, Fra(xv y)S1=y,and Fra(xay)<l=y, 

Ifxand y¢ R(X) then T wa(x) =Tcay (XsT 04) (Y) = Tea) (V) La) (X) = Lapa) (X)5 1 e04)(Y) = Tc) (Y) and 
F wax) = Fara) (X),F Ra (¥) = Fava) (y) +80 

min {Tay (X)sT cay (Y)} = %- MINT g¢ay (X)sL aca) (YF = Bo and max {Fea (X), Fay t=" 

=> Tray (X) 2 Ags Tray (Y) 2 Gos Tray (X) 2 Bos Tava) (y) 2 Bo and Fray (x) 2 Bos Fray) Sn 

>xXYVE Agha >XVY,XAYVE Atée: Baits since Ata, #9) is a sublattice. 

So T aa)(XV y)2 @y Ta (XAY)2 A Taa(XV Y)= By Tya(XA y)= By 

F pa (Xv y)<y,and F aa(Xay) = ae 

Hence T,(xv y) =[T aay(xv y),T Ra (XV Y)]2 [a] = min {T a(x),T a(y)} 

Ty(XA y) = [Ta (x y),T Ra (XA Y)] 2 [oa] = min {T a(x),T a(y)} 

Ta(XV y) =e (xv y), Tra (XY YN] [BoB ]= min{Ta(x),Ta(y)} 

T(x Ay) =[T aa (xa y) TR (XA YN] 2 [2,0] = min{Ta(x),Ta(y)} 
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Fy (xv y) =[Faay(xv y),F Ra (XV YS [70.71] = max {F a(x), F4(y)} 


F,(xA y) =[F aay(xA y)oF R(X A YI S[%o,Ni] = max {F a(x), F,()} 
So R(A) is a FNRL 
Conversely, assume that R(A) is a FNRL of R(X). We have to prove that A... poy) and 


Aca.p.7) are sublattices of L. Let x,y € Ava.) > then Tara) (X) = @,T aa (¥) 2 @ 

Tava (X) 2 Belay (Y) 2 B > Fray (XS 75 F ay) 7: 

Somin {I a(x),T a(y)} 2[a@,min{Ty, , (x).Ta (y)}]-min {1 a(x),1 a(y)} = [B.min Iq, 4 (X)-Lq (Y) Hand 
max {F a(x), F a(y)} < [y,max {Fa 4)(X)sFR 4) (Y)3] . Hence 

T,(xv y)2[a@,min Tray) C0 TR) T,(xA y)2[a@,min Tra) COT Ra) OH 

L,(xv y) 2[B,min {I Ry) tx TI L,(xA y)>[B,min {1 way ota 4) (YF 

F,(xv y)<[max Fa OOo pay WEY. LF ,(xA y) <[max Fas ag OE 

From these inequalities we get T ,...(XV Y)2@4T ga (XA V)2As Ty (XV V2 Bol yn (XAY)ZB, 


F gy (XV YS SF gy (KAYE Y- 

Since XV y,XAVER(X) 

We have 

T aa(XV Y) = Taya (XV Y)oT (KA Y)=T R(XAY), Ta a(XV Y) = Tg (XV Y)-TR(XA Y) = 

Tra (Xa y),Fa(XV Y) = Faq (XV Y).F a)(XA Y)=.Fra(XAy). 

Hence XV Y,XA YEA gs ,): 

Thus A(, ,.,)is a sublattice. Similarly if x, y € Ava.p,y) then Tin? 2a, Te (y)2a@ Lg h*) >B fia (y)2B 
and Figo) <y aly) <y. 

Hence Ta(xv y)>[0,@],Ta(xa y)>[0,@], La(xv y)=[0, B],La(x y) =[0, BI, 

Fa(xv y) > [yl], Fa(xa y) 2 [yl]. 

Hence Tua (XV Y)2 By Tay (XAY) > BP, Preah XV a) < VF aay (KAY) <y,so XV Y,XAY = Awan Thus 


A(a,f,y) is a sublattice 
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